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A STUDY OF CONVECTIVE 
MAGNETOHYDRODYNAMIC CHANNEL FLOW 

by 

Ralph M. Singer 

I. INTRODUCTION 

If a magnetohydrodynamic device (e.g., a MHD power generator , 
or an electromagnetic pump) is to be intelligently designed, information 
must be available concerning the effects of the interactions of the e lec t ro
magnetic, velocity, and temperature fields. In the past, a great analytical 
effort has been extended to understand the velocity and electromagnetic 
interact ions; however, little has been done with thermal interact ions. This 
is understandable, since in nonconvective flow (no natural convective forces), 
the energy equation is uncoupled from Maxwell's equations and the Navier-
Stokes equations. Thus, the electromagnetic and velocity fields can be de
termined independently of the temperature field. However, when natural 
convective forces are present , the Navier-Stokes equations become coupled 
with the energy conservation equation, and simultaneous solution is required. 

This report analyzes a class of steady magnetohydrodynamic chan
nel flow problems when natural , as well as forced, convection is important. 
The analyses a re res t r ic ted to cases of fully-developed laminar flow in 
vert ical rectangular channels. 

II. PREVIOUS WORK 

The purpose of this section is not to present a thorough review of 
the l i te ra ture on MHD channel flow, but only to indicate briefly some of 
the more important work in this a rea . 

Since the pioneer work of Hartmann(l) in 1937 m developing and 
analyzing the electromagnetic pump, many analyses of crossed-f ield de
vices have appeared in the l i te ra ture . Hartmann studied the laminar , 
i sothermal flow of an electrically-conducting fluid (mercury) between two 
infinite, para l le l plates with a uniform, imposed magnetic field. The 
channel walls were assumed to be perfect nonconductors (zero e lect r ical 
conductivity). 

This work was extended by Shercliff (2.3) to the case of a finite 
channel. Shercliff also determined the asymptotic solutions for large 
values of the Hartmann number (BaVo/^) and showed that the velocity 



profile degenerates into a core of uniform flow surrounded by boundary* 
layers on the walls . Shercliff 's work on nonconducting channel walls was 
then extended to the case of perfectly-conducting channel walls by 
Uflyand'4) a.nd finite conducting walls by Chekmarev.(5) 

Chang and Lundgren("'^) and Chang and Yen(8) then determined the 
effect of finite channel-wall conductivity on isothermal flow in para l le l -
plate channels. Yen(°) also solved the uncoupled energy equation for duct 
flow with electrically-conducting channel walls . 

To the knowledge of the author, the f irs t analysis of natural , 
convective, MHD channel flow was made by Smirnov\l'^/ in which a round, 
vertical tube with nonconducting walls was considered in an approximate 
fashion. A s imilar , more r igorous analysis for the case of a para l le l -
plate channel was presented by P o o t s , \ l l ' again for nonconducting channel 
walls. Poots also studied the case of natural convective flow set up by 
Joule heating in a c i rcular tube. Oster le and Young(12) determined the 
role of viscous and Joule dissipation on the free-convection temperature 
and velocity profiles in a paral le l -pla te channel. 

Combined natural and forced convective flow in nonconductive 
channels with t r ansver se magnetic fields was analyzed by Morivl3) and 
Regirer . V I'*'1^/ Mori res t r i c ted his analysis to a paral le l -pla te channel, 
while Regirer^l- ' / considered a ver t ical tube but did not present any 
numerical resul ts . Regirer(14) also presented a solution for the paral le l -
plate case but again did not calculate any numerical resul t s . 

Many analyses have been made of forced convection in channels 
with a t ransverse magnetic field. The paral le l -pla te channel was analyzed 
by Alpher ' l") (electrically-conducting walls) and Per lmut te r and Siegel^l ' ' 
(nonconducting walls), and the annular channel by Shohet'- ° ' and Globe.'' ' ' 
The case of flow and heat t ransfer on external surfaces will not be dis
cussed here . 

This review of the l i tera ture indicates that no analyses are avail
able that consider combined convective flow in finite channels with 
electrically-conducting walls . This report will present such an analysis. 
The previously-published resul ts will be shown to be special cases of this 
more general t reatment of the problem. 

III. ANALYSIS 

•A.. Development of Equations 

To describe mathematical ly the convective flow of an e lect r ica l ly-
conducting fluid through an electromagnetic field, one must employ Maxwell's 
(electromagnetic) equations. Ohm's law, the modified Navier-Stokes equations. 



and the energy conservation equation. Since there are mechanical forces 
of e lect r ical origin (electromotive force) and of magnetic origin (magneto
motive force), and electr ic effects of mechanical origin (induced emf), as 
well as mechanical effects of thermal origin (thermally induced buoyancy), 
it is expected that the equations describing convective flow will be coupled. 
In other words , simultaneous solution of the descriptive equations will be 
necessa ry . 

As has been shown by many authors (e.g., reference 20), the Max
well field equations may be written as 

VxE = - ^ , (1) 
— dt' 

B (3) 

and 

where 

V • D = Pe. (^) 

(5a,b) B = /ioli, and D = £o£. 

and Ohm's law may be written as 

_J_ = o ( E + y x B ) . (6) 

The subscript zero on jJ. and e res t r i c t s the subsequent analysis to the 
exclusion of any ferromagnetic mater ia l , so that fio and EQ are numerical ly 
equal to their respective values in a vacuum. Also, the electr ical con
ductivity, a, will be assumed to be a scalar (Hall effect neglected). 

As shown by Elsasse r , (2 1) in all pract ical forms of magnetohydro-
dynamics, the displacement current (do /d t ) is altogether negligible m 
comparison to _J (note that under steady conditions, the displacement cur 
rent identically vanishes) and also, purely electrostat ic effects (i.e., the 
charge density, Pg) a re negligible. Thus, equations (2) and (4) can be r e 
duced to (using 5a, b) 

V xB_ = MoJ. ^^^^ 

and 

V • E = 0. (4a) 
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The modified Navier-Stokes equations for incompressible flow can 
be written as 

St 
+ (V • v ) v -Vp + pvV^V + pg + J x B , 

where 

V = 0. (8) 

The te rm J_xB_ represents the force exerted on the fluid due to the electro
magnetic interaction with the nnoving fluid. Also, the energy conservation 
equation is 

VT kV^T + Q + i ( i J ) , (9) 

where Q is the internal energy generation, $ represents the viscous energy 
dissipation, and the last t e rm is the ohmic heating effect. 

The general problem considered in 
this report is the convective flow of an 
electr ical ly- and thermally-conducting 
fluid in a vert ical rectangular channel. 
A uniform magnetic field will be applied 
t ransverse to the flow (a schematic dia
gram of the channel and coordinate system 
is sho^vn in Figure 1). Only the case of 
steady, laminar, fully-developed flow and 
heat t ransfer will be considered. This 
implies that all physical quantities (except 
possibly p ressure and temperature) are 
independent of x. Also, there can be no 
net current flow in the x-direction, and 
the velocity can have only an x-component. 

t t M ) t ) ( ( ( I I I M I t 
APPLIED MAGNETIC FIELD 

Fig. 1. Cross-sect ional 
Diagram of Channel 

Based on these assumptions, it can be shown(6j that B̂ , Ê , and J_ 
must have the forms 

B = [Bx(y,z), 0, Bo], 

E = [0, Ey(y,z), E2(y,z)], 

(10) 

(11) 

and 

J = [0, Jy(y,z), J^(y,z)], (12) 

where B„ is the constant applied magnetic field strength. Thus, equa
tions (1) through (6) reduce to 



I I 

and 

j ^ = . 1 ^ = a E , . (14a,b) 
z pij dy z 

5Ey S E ^ _ S E ^ S E ^ ( I5ab) 
by Sz dz Sy 

and equations (7), (8), and (9) reduce to 

(16) 

| ^ + J z B x = 0, (17) 

^ - J B = 0 (18) 

and 

(19) 

where ohmic and viscous dissipation have been neglected in (19). 

Combining equations (15b), (13b), and (14b) yields the following equa
tion showing the interdependence of velocity and induced magnetic field: 

The assumption that the flow and heat transfer are fully developed 
required that u = u(y,z); i.e., the velocity is unchanging along the length of 
the channel. It can be shown (see Appendix A for details) that as a result 
of this assumption, along with the conditions (10), (11), and (12), the p r e s 
sure gradient in the x-direction, dp/Sx, is required to be constant and the 
temperature is required to vary only linearly with x; i.e., 

T(x,y,z) = Ax + T3(y,z). (21) 

Note that equation (21) also implies that 

T(x,y,z) - T^(x) = function of y and z only. (22) 

Substituting equation (21) into equation (19) yields 
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P''^- - \ - ^ ^ ^ j ^ «• (") 

Finally, if small density variations are allowed to occur because 
of t empera ture differences, the density in equation (16) can be expressed 

P ' Pw - P P W ( T - T ^ ) . (24) 

The equations that must now be solved to determine Bx> u, and 
T are (16), (20), and (23), in conjunction with the relations (13a) and (24). 
The remaining equations a re of secondary importance insofar as they are 
not needed in the determination of the magnetic, velocity, and temperature 
fields. 

For convenience, the pertinent equations can be cast into dimension
less form by defining the quantities r), (̂ , U, 0, and B (see nomenclature 
for definitions). There resul ts 

V ^ U . R a a . f M ! P £ ) | | = . i , (i6a) 

(22a) 

and 

where 

/P^m\ ay 
^ Pr j ac ^ ' B + ^ T ^ H F = 0. (20a) 

v^ = av^T)' + ays c' 

and Ra, M, P r , Pr^^, F are the Rayleigh, Hartmann, thermal Prandtl , 
magnetic Prandtl , and energy generation numbers , respectively. 

The necessary boundary conditions on U and 6 are merely 

e = U = 0 at Tl = ±7, ;; = ±1, (25a,b) 

which state that the tempera ture of the fluid at the wall equals that of the 
wall and there is no fluid slip at the walls . The boundary conditions on B 
must be obtained from the electromagnetic conditions at the walls , which 
are(20) 
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(a) The tangential component of _E_ is continuous (no surface cur ren ts ) . 

(b) The tangential and normal components of B_ are continuous. 
F r o m Shercliff(3) and Chang and Lundgren,(6) it is shown that the proper 
boundary conditions for thin walled ducts (h/a « 1) are 

^ ^ + 1 - = 0 at walls , (26) 
a n * <t> 

where n* is an outward normal and 0 is defined as 

(p = a ^ h / a a , 

where a^ is the e lect r ical conductivity of the wall. Letting 0i represent 
0 at T) = ±7, and 02 represent 0 at C = ±1. condition (26) may be written 
as 

sc 
+ i = 0, at C = ±1; (27) 

and 

^ ^ ^ = 0. at ^ = +7. (28) 
07] 

± = 0 , at T] = ±7 

The system of par t ia l differential equations (16a), (22a), and (20a) 
with the boundary conditions (25a,b), (27), and (28) could not, in general , 
be analytically solved. Thus, several special cases will be considered 
in the remainder of this report . 

B. Para l le l -p la te Channel 

If the aspect ratio of the channel, 7, is allowed to become very 
la rge , the differential system becomes one-dimensional, since all gradients 
in the T]-direction become negligibly small in comparison to those in the 
C-direction. Thus, the system reduces to 

- 1 , ( 2 9 ) * 

(30) 

(31) 

*The subscript 0° refers to 7 = =». 

d'U^ /M^Pr\ 

dC ' """'- ' \^rj 
d^e 
- ^ . F = U . , 

d^B„„ ( P r \ dU„ _ ^ 

d(;̂  ' V Pr y dc 

dBc 

dC 
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and 

dB,„ B , 
a t C = ± 1 , ^ ^ ± — = Uec = e „ = 0. (32a ,b ,c ) 

The s p e c i a l c a s e of 0^ = 0 (nonconduct ing channe l w a l l s ) h a s been 
so lved by R e g i r e r ( 1 4 ) and M o r i , ( 1 3 ) and the c a s e of Ra = 0 (no n a t u r a l 
convec t ion ef fec ts ) h a s b e e n s o l v e d by Yen. (9) A l s o , a s i m i l a r p r o b l e m 
wi th M = 0 (no m a g n e t i c f ie ld p r e s e n t ) w a s s o l v e d by O s t r a c h . ( 2 2 ) These 
so lu t ions a r e a l l l i m i t i n g c a s e s of the one to be p r e s e n t e d in t h i s s ec t ion . 

To uncoup le the d i f f e r e n t i a l s y s t e m , (29)-(31) equa t ion (31) i s i n t e 
g r a t e d once to y ie ld 

dBec / P r \ /dBooX 

w h e r e K: i s at p r e s e n t u n d e t e r m i n e d . Then , t h i s e x p r e s s i o n for dBoo/di![ 
i s s u b s t i t u t e d into e q u a t i o n (29). F i n a l l y , c o m b i n i n g e q u a t i o n s (29) and 
(30) r e s u l t s in 

d ' U ^ ^ d^U^ 
— - M^ — - + RaU^ = R a F . (33) 

The b o u n d a r y cond i t i ons on U ô to be u s e d a r e 

d^U„ / /cM^Pr^ 
Uco = -^TT + (1 + ^ ) = 0 at C = ±1 , (34a,b) 

and 9 and B a r e r e l a t e d to U by the r e l a t i o n s 

d^U 

"d? 
d̂ Uoo / (cM^Pr^N 

RaSoo = - J ^ - M^U^ + (̂ 1 + p ^ ^y (35) 

and 

P ^ m 
K. — Uoo) d^ + c o n s t a n t . (36) 

Since the b o u n d a r y c o n d i t i o n s on 9co have been a b s o r b e d into t h o s e for Uoo, 
Soo n iay be d i r e c t l y o b t a i n e d f r o m the so lu t ion of Uoo- H o w e v e r , the bounda ry 
condi t ions on B ô m u s t s t i l l be i nvo lved in o r d e r to d e t e r m i n e K and the 
o the r c o n s t a n t in e q u a t i o n (36). 
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A study of the indicial equation corresponding to equation (33) r e 
veals that the functional form of U(0 depends upon the relative magnitudes 
of M^ and 4Ra. Thus, the forms of 9 and B also depend upon this 
cr i ter ion. 

Since the solutions can be obtained by a straightforward, although 
tedious technique, only the final solutions will be presented, and they are 
shown in Appendix B. 

1. Relationship of P r e s s u r e Drop to Flow Rate 

F r o m the solutions for the dimensionless velocity profile, 
U(C). a relationship between the mass average velocity and the 
p ressure drop can be obtained. The definition of the mass average 
velocity is just 

" = (/AH/(/A"4 ^ (41) 

so that utilizing the dimensionless quantities previously defined, there 
resul ts 

-^ .̂ ^C^ --Y j U(OdC. (42) 

i-t-^^) -1 

This relationship yields the dependence of Goo upon the Rayleigh, Hartmann, 
Prandt l , magnetic Prandt l , energy generation, and wall conductance 
numbers . Using the velocity distributions from Appendix B, the integral 
in equation (42) can be evaluated, and the resul ts are listed in Appendix B. 

2. Heat Transfer Results 

With the type of thermal boundary condition chosen in this 
analysis (uniform wall heat flux, or equivalently, l inearly-varying wall 
temperature) , a quantity of pract ical interest is the heat transfer coefficient 
based on the temperature difference between the wall and the "bulk" fluid. 
A knowledge of such a coefficient and the channel wall conditions would 
make it possible to easily calculate the bulk temperature of the fluid. 

By definition, the bulk fluid temperature is 

[/A-H/UH- '̂" 
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I n t r o d u c i n g t h e d e f i n i t i o n s of t h e d i m e n s i o n l e s s q u a n t i t i e s 9 , U , a n d ^ 
r e s u l t s i n 

2 p u c ( T B - T ^ ) 
"+i 

k A C ^ 
UooScodC. (48) 

T h i s r e l a t i o n s h i p c a n b e r e p h r a s e d i n t e r m s of t h e N u s s e l t 
n u m b e r , d e f i n e d a s 

Nuo, 
q w • 2 a 

Lk(Tw - T B ) J • 

so tha t equa t ion (48) m a y be r e w r i t t e n a s 

(49) 

Nuo„ = (F - Gj 
2G„ 

Uco9cod(: (48a 

F r o m the e x p r e s s i o n s for U and 9, it can be seen that Nuco 
wil l be a funct ion of the R a y l e i g h n u m b e r , Ra , the H a r t m a n n n u m b e r , M, 
and the hea t g e n e r a t i o n index , F . The i n t e g r a t i o n can be c a r r i e d out eas i ly , 
and the r e s u l t s a r e shown in Appendix A. 

HARTMANN NUMBER (M) 

Fig . 2. Effect of the H a r t m a n n and 
Ray le igh N u m b e r s on Goo 
( P a r a l l e l - p l a t e Channe l ) 

D i s c u s s i o n of R e s u l t s 
for P a r a l l e l - p l a t e 
Channe l 

The effects of the 
H a r t m a n n n u m b e r , M, and R a y 
le igh n u m b e r , Ra, on the d i m e n 
s i o n l e s s flow r a t e - p r e s s u r e 
g r a d i e n t r a t i o and N u s s e l t n u m b e r 
a r e shown in F i g u r e s 2 and 3 for 
a f ixed va lue of the wa l l conduc 
t a n c e p a r a m e t e r , 0^ = 0 .3 , and 
no i n t e r n a l e n e r g y g e n e r a t i o n , 
F = 0. 

F i g u r e 2 shows tha t an 
i n c r e a s e in the H a r t m a n n n u m b e r 
(or equ iva len t ly , the m a g n e t i c 
f ie ld s t r e n g t h ) d e c r e a s e s the flow 
r a t e a t a f ixed p r e s s u r e g r a d i e n t , 
r e g a r d l e s s of f r e e convec t ion 
e f fec t s . H o w e v e r , a s f r e e c o n v e c 
t ion i n c r e a s e s (Ra i n c r e a s e s ) , the 
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effect of the Hartmann number on the flow rate decreases . Similarly, as 
the Hartmann number increases , the effect of free convection on the flow 
rate dec reases . 

RAYLEIGH NUMBER IRQ) 

Fig. 3. Effect of the Hartmann and Rayleigh 
Numbers on the Nusselt Number 
(Paral lel-plate Channel) 

The Nusselt number is shown in Figure 3 as a function of Ra 
and M. It is evident that as the Hartmann number increases , larger and 
la rger values of the Rayleigh number are required to increase the Nusselt 
number over its value at Ra = 0. Thus, the magnetic field seems to sup
p ress the free-convection contribution to the heat transfer rate between 
the fluid and the channel walls. 

This suppressing effect of the magnetic field is more clearly 
i l lustrated in Figure 4. Here, the ratio of the Nusselt number at an arbi t rary 
value of the Rayleigh number to that at zero Rayleigh number is shown. 
When there is no magnetic field (M = 0), a 29% increase in the last t ransfer 
rate is noted when Ra is only one. However, to achieve this increase when 
a magnetic field is present , larger and larger values of Ra are necessary 
as M is increased. For example, to increase Nuco/Nuoo(Ra = 0) to 1.29, 
the following values of Ra are necessary: for M = 5, Ra = 180; for M = 20, 
Ra = 1130; and for M = 50, Ra = 4800. 

Therefore, if a cr i ter ion of a 10% increase in the Nusselt 
number is considered to be the point at which free-convection effects must 
be considered, a single plot may be obtained that shows the range of values 
of M and Ra for which free convection is important. This plot is shown in 



Figure 5. Inspection of this figure indicates an approximately linear 
separation. The equation of the line for values of M 5 8 and Ra ? 100 is 
approximately M = 5 + (Ra/40). 
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Fig. 4. Nusselt Number Ratio Variation with 
the Hartmann and Rayleigh Numbers 
(Parallel-plate Channel) 

I 30 

FREE CONVECTION UNIMPORTANT 

FREE CONVECTION IMPORTANT 

RAYLEIGH NUMBER ^RO X 10 

Fig. 5. Map of the M-Ra Plane Showing Region 
of Free-convection Importance 
(Parallel-plate Channel) 
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The effect of the wall conductance parameter , 02, upon the flow 
rate is shown in Figure 6, where 02 = 0 corresponds to the case of a 
nonelectrically-conducting wall, and 02 = «= corresponds to walls that are 
"perfect" e lectr ical conductors. 

I ' ' I ' ' I ' ' I 

HARTMANN NUMBER (M) 

Fig. 6. Effect of the Wall Conductance Ratio and Hartmann 
Number on Goo (Parallel-plate Channel) 

It is seen that 02 most strongly affects the flow rate for small 
values of M, and as M increases , the importance of 0 2 upon Goo decreases . 
The decrease in the flow rate with an increase in the wall conductance was 
explained physically in reference (7) for the case of zero free convection. 
That discussion still holds when free convection is important and thus is 
not repeated here . 

An interesting result was observed when the effect of the wall 
conductance upon the Nusselt number was investigated. As 02 was varied 
between zero and infinity for fixed values of M and Ra, the Nusselt number 
remained unchanged to four decimal places . This was somewhat sur 
prising due to the important effect of 02 on the flow rate . However, it 
appears that due to the definition of the Nusselt number used in this report , 
the combined effect of 02 on the flow rate and the bulk temperature dif
ference exactly cancelled each other out. 

Internal energy generation can also play a significant role, 
especially when free convection is possible. Figure 7 shows that the flow 
rate can be significantly increased as internal energy generation increases . 
However, for large values of M, the effect of F/Goo = Q/[Q + (2qw/a)] is 
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Effect of Internal Energy Generation 
on Goo (Parallel-plate Channel) 
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F/G 

The Nusselt number is shown in Figure 8 as a function of M 
and F/Goo- Again it is noted that internal energy generation is relatively 
unimportant when M is large, but must be considered when M is in the 
range of zero to about ten. 
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C . S o l u t i o n f o r S m a l l V a l u e s of t h e M a g n e t i c P r a n d t l N u m b e r 

A n a l t e r n a t i v e l i m i t i n g s o l u t i o n of e q u a t i o n s ( 1 6 a ) , ( 2 2 a ) , a n d ( 2 0 a ) 
c a n b e o b t a i n e d b y r e s t r i c t i n g t h e a n a l y s i s t o v a n i s h i n g l y s m a l l v a l u e s of 
t h e m a g n e t i c P r a n d t l n u m b e r , i . e . , P r m < < 1- If P r ^ a p p r o a c h e s z e r o , a 
s o l u t i o n t o e q u a t i o n ( 2 0 a ) t h a t s a t i s f i e s t h e b o u n d a r y c o n d i t i o n s (27) a n d 
( 2 8 ) i s j u s t B = 0; i . e . , t h e i n d u c e d m a g n e t i c f i e l d i s n e g l i g i b l y s m a l l . T h u s , 
f r o m e q u a t i o n ( 1 4 b ) , E^. = 0 , s o t h a t , f r o m ( 1 5 a , b ) , E y = c o n s t a n t = E Q . 
T h u s , t h e p o n d e r o m o t i v e f o r c e , _J_xB_, m a y b e w r i t t e n a s 

J _ x ^ = a B o ( E o - u B o ) (54) 

a n d e q u a t i o n s ( l 6 a ) a n d ( 2 2 a ) b e c o m e 

V ^ U * + R a 9 * - M ^ U * = - 1 

v^e* + F* = U* 

(55) 

(56) 

w h e r e U * , 9 * , a n d F * d i f f e r f r o m U , 9 , a n d F b y a c o n s t a n t f a c t o r , a s 

s h o w n i n t h e N o m e n c l a t u r e . T h e b o u n d a r y c o n d i t i o n s o n U * a n d 9 * a r e 

i d e n t i c a l t o t h o s e o n U a n d 9; i . e . . 

U * a t T) + 7 a n d a t ^ = ± 1 - ( 5 8 a , b ) 

T h e s p e c i a l c a s e of z e r o f r e e - c o n v e c t i o n ( R a = 0) h a s b e e n 

s o l v e d b y R y a b i n i n a n d K h o z h a i n o v , ( 2 3 ) ^ n d of n o n m a g n e t i c f l o w (M = 0) 

b y H a n . ( 2 4 ) T h e s e s o l u t i o n s m a y b e o b t a i n e d f r o m t h e m o r e g e n e r a l f o r m 

d e r i v e d i n t h e s u c c e e d i n g p a r a g r a p h s b y s u b s t i t u t i n g t h e a p p r o p r i a t e v a l u e 

of R a o r M . 

E q u a t i o n s ( 5 5 ) a n d ( 5 6 ) c a n b e s o l v e d b y m e a n s of f i n i t e F o u r i e r 

t r a n s f o r m s ( f o r a t h o r o u g h t r e a t m e n t of t h e s e t r a n s f o r m s , t h e i n t e r e s t e d 

r e a d e r i s r e f e r r e d t o t h e t e x t b y C h u r c h i l l ) . (^5) S i n c e t h i s m e t h o d of s o l u 

t i o n i s f a i r l y r o u t i n e a n d s t r a i g h t f o r w a r d , o n l y t h e f i n a l r e s u l t s f o r U * 

a n d e * w i l l b e p r e s e n t e d : 

U*(T),0 
16 z 

odd m , n 
m n r[-

R a F * 

(rnr)' + (mTr/7) ' 

n7r(C+l) 
2 

iTr(Ti + 7) 
27 

(59) 

a n d 

16 

nri.c) = — 
rr 

odd m , n 

F * - A ^ n 

[ m n ( 

RaF l^ 

. [n-nf + (rmr/~y)U 

n7r)H(m7r /7) ' J 
" s i n 

n-n(Z + 1) 
2 

s in 
m7T(ri+7) 

L 27 . 

(60) 
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w h e r e 

(n-n-)̂  + (m7T/7)^ + M^ + R a 

(UTT)^ + (m7r/7)^ 

1. R e l a t i o n s h i p of P r e s s u r e D r o p to F l o w R a t e 

(61) 

The following r e l a t i o n s h i p b e t w e e n the p r e s s u r e d rop and the 
m a s s a v e r a g e ve loc i t y (or flow r a t e ) can be ob t a ined f r o m the e x p r e s s i o n 
for U*(T),i^) in equa t ion (59) and the def in i t ion of TT f r o m equa t ion (41): 

- + 1 r + 7 
fiU 

(- |j-pg+7BoE„) 47 U*(T],OdT)dC. (62) 

-1 ^-7 

P e r f o r m i n g the i n t e g r a t i o n in (62), u s ing the e x p r e s s i o n for U * ( T ) , Q f rom 
(59), r e s u l t s in 

G* 
64 E 

odd m , n 

2. Hea t T r a n s f e r 

1 + 
R a F * 

(mr)^ + (m7T/7)^ 
(63) 

As in the p r e v i o u s s ec t i on , the hea t t r a n s f e r r e s u l t s m a y be 
convenient ly p r e s e n t e d in t e r m s of the t e m p e r a t u r e d i f fe rence be tween the 
wal l and the "bulk" f luid. A s t r a i g h t f o r w a r d d e r i v a t i o n , u t i l i z ing the defini
t ions of U*, 9*, T), C. and T g , r e s u l t s in 

N u * 
F * - G * \ 
1 + 1/7 / \ 47G* f u*(T],i;)e*(Ti,(;)dTidc'l 

-7 
(64) 

whei 

Nu* = [ (q^ • 2 a ) / k ( T ^ - T B ) ] . 

Ut i l iz ing the e x p r e s s i o n s for 9*{ri,Q and U * ( T ) , Q f r o m e q u a 
t ions (59) and (60), the i n t e g r a l in equa t ion (64) can be e v a l u a t e d to y i e ld 

G*(G*-F*) 64 
Nu*(l + l/7) ^ 71" 

RaF* 
(nTi)̂  + (mTr/7)i 

odd m, n 

- F * + An,n[l + 

( n T T ) ^ + ( 

R a 

imr/yy 

F* 1 
{m7r/7)^J 

.. 
(65) 
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3. Discussion of Results for Rectangular Channels 

The velocity and temperature profiles as calculated from 
equations (59) and (60) are shown in Figures 9 and 10 respectively. For 
ease in presentat ion, the values were calculated along the channel 
diagonal (̂  = T)/7. As is to be expected, increasing the Hartmann number 
decreases both the local velocity and the difference between the local 
fluid tempera ture and the wall temperature . 

0 0.1 o.a 0 ! 0 4 OS o« ° ' • " " ' " • 

l-Vr 

Fig. 9. Velocity Profile Variation with the 
Hartmann Number (Small P r j ^ Case) 
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The dependence of the 
flow r a t e upon the a s p e c t r a t i o , 
7 , and the H a r t m a n n n u m b e r is 
shown in F i g u r e 11. To i l l u s 
t r a t e the effects of a s p e c t r a t io 
on the flow ve loc i t y , the g r a p h 
is p r e s e n t e d in t e r m s of G*/Gco 
o r , equ iva l en t ly , the r a t i o of the 
m e a n ve loc i t y in a r e c t a n g u l a r 
channel ( a spec t r a t io = 7) to that 
in a p a r a l l e l - p l a t e channel ( a s 
p e c t r a t io = 00). 

F o r s m a l l v a l u e s of the 
H a r t m a n n n u m b e r , va ry ing the 
a s p e c t r a t io f r o m infinity 
( p a r a l l e l - p l a t e channel ) to one 
( s q u a r e channe l ) r e d u c e s the 
m e a n ve loc i t y by about 30%. 
H o w e v e r , a s the H a r t m a n n 
n u m b e r i n c r e a s e s , the effect of 
7 d e c r e a s e s m a r k e d l y . F i g 
u r e 11 shows f u r t h e r tha t a 
c r i t e r i o n can be e s t a b l i s h e d 
tha t can be u s e d to d e t e r m i n e 
when a p a r t i c u l a r r e c t a n g u l a r 
channe l can be c o n s i d e r e d to be 
a p a r a l l e l - p l a t e channe l when 

a m a g n e t i c f ie ld i s p r e s e n t . Le t the c r i t e r i o n be defined as fo l lows: if the 
m e a n flow ve loc i ty in a r e c t a n g u l a r channe l i s 95% of wha t would be o b 
ta ined if the two s ide w a l l s w e r e inf in i te ly s e p a r a t e d , w i th a l l o the r con 
dit ions unchanged , the r e c t a n g u l a r channe l can be c o n s i d e r e d to be a 
p a r a l l e l - p l a t e channe l . The r e s u l t s of applying th i s c r i t e r i o n to F i g u r e 11 
a r e shown in F i g u r e 12. 
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F i g . 11. Effect of the A s p e c t Ra t io and 
H a r t m a n n N u m b e r on a F low 
Rate Rat io (Small Prj- .̂̂  C a s e ) 

To u s e F i g u r e 12, c a l c u l a t e the H a r t m a n n n u m b e r and the a spec t 
ra t io and loca te the poin t on the f i g u r e . If th i s po in t i s to the r igh t and 
above the c u r v e , the r e l a t i o n s h i p of flow r a t e to p r e s s u r e g r a d i e n t can be 
ca l cu l a t ed u s ing the s imp l i f i ed , o n e - d i m e n s i o n a l flow r e s u l t s . Howeve r , 
if the point l i e s below and to the left of the c u r v e , the t w o - d i m e n s i o n a l 
flow equat ion m u s t be u s e d . 

F o r v a l u e s of M 5 38 .5 , the one -d imens iona l a p p r o x i m a t i o n can 
a lways be u s e d independen t of the a s p e c t r a t i o (for v a l u e s of Ra Z 100 and 
no i n t e r n a l e n e r g y g e n e r a t i o n ) . L iqu id m e t a l MHD p o w e r g e n e r a t o r s 
n o r m a l l y o p e r a t e a t v a l u e s of M g r e a t e r than 100. 
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Ra • 100 

F * • 0 

Fig. 12 

Map of M-7 Plane Showing 
Region of Two-dimensional 
Effects (Small P r m Case) 

ASPECT RATIO (Xl 

Finally, the Nusselt number as a function of the Hartmann 
number and aspect ratio is shown in Figure 13. The Nusselt number de
creases with an increase in the aspect ratio and a decrease in the Hart
mann number. 

Fig. 13 

Effect of the Aspect Ratio and 
Hartmann Number on the Nus
selt Number (Small P r j ^ Case) 

ASPECT RATIO (71 
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D. Nonconducting Channel Walls 

If the electr ical conductivity of the channel walls is much less than 
that of the fluid (actually, all that is necessary is that i,h/aa « 1), 
the boundary condition (26) can be approximated by B = 0 at the walls . 
Thus, the solution to be presented is an exact one for the model of a 
channel with walls of zero electr ical conductivity. 

The differential system describing this situation consists of equa
tions (I6a), (22a), and (20a), and the boundary conditions on U, 9, and B 
are 

U B at T) i 7 and ^ = ±7. (66) 

To reduce this system to ordinary differential equations, U, 9, B, 
F , and 1 will be expressed in t e rms of their Four ier sine ser ies and 
substituted into the governing relations (effectively the same as using 
finite Four ier sine t ransforms ).\2ti) Thus, let 

B(T],0 = Z i (C) - ( T ) + 7 ) (67) 

U(r),C) = X " m ( 0 • ( T ] + 7 ) (68 

H T ) . Z em(C) 27 
(r) + 7) (69) 

I 

1 

m T T , , > 

L 2 7 

L 27 
( T ) + 7 ) 

(70) 

(71) 

and 

7T \ 
cos m 71 (71a) 

Note that the boundary conditions at T) = ±7 are identically satisfied by 
equations (67), (68), and (69). Substituting these se r ies forms into equa
tions (16a), (22a), and (20a) resul ts in 

dC 2 7 / Bm + R-m dC 
(72) 
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d H j , 

dC^ m'"' M' d B ^ 
I . . , / • ' m 

- 7 ' '^m 
Rm dC ^ ^ ^ ^ -

(73) 

and 

d^9 
^ ^ - ( ^ ) Or. + a ^ F = U ^ . (V4) 

Subs t i t u t ing equa t ion (74) into equa t ions (72) and (73) r e s u l t s in 

d(;2 \ 27 / 

d9m 
B m + I ^ m ^ ^ 

(72a) 

and 

d^' 
frrm \ 
\Zy) 

M^ "^^m 
3m + RaSn, + 1 — - d T 

m ^ ' - ( ? f ) ^ (73a) 

Equa t ion (72a) i m p l i e s tha t 

d 9 „ 

B m + -^m dC 
0m(C) . (75) 

w h e r e 

Pm frrm\ 

di;2 V 2 7 / 

T h u s , 0m('^) i s j u s t 

0. 

0 ^ ( 0 = p e ' ' ^ ' + q e 

(75a) 

(75b) 

w h e r e p and q m u s t be d e t e r m i n e d f r o m the b o u n d a r y cond i t i ons on B ^ 
and 9 ^ a p p l i e d to equa t ion (74). Subs t i tu t ing (74) into (73a) f inal ly r e s u l t s 
in the fol lowing equa t ion for 9,-^: 

d^e^ 

df;̂  
^'A"^)' dC^ 

M^ a?m 
Rm dC '•m-

(76) 

F r o m e q u a t i o n s (66), (68), (69), and (74), the b o u n d a r y cond i t i ons on 9^{Q 

can be shown to be 
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d^e_ 
+ a^nF at t. ±1. (77a,b) 

An e x a m i n a t i o n of i n d i c i a l equa t ion c o r r e s p o n d i n g to e q u a t i o n (75) 
shows tha t the func t iona l f o r m of 9^Q d epends upon the r e l a t i v e m a g n i 
t udes of the t e r m s (mTT/27)^ and (M'^/4)(4Ra/M* - 1). T h u s , so lu t i ons of 
equa t ion (76) can be o b t a i n e d and a r e p r e s e n t e d in Append ix C. 

When the e x p r e s s i o n s for 9m(C) f r o m Append ix C a r e u s e d , the 
d i m e n s i o n l e s s v e l o c i t y funct ion , Uj^(C). and the d i m e n s i o n l e s s m a g n e t i c 
f ie ld funct ion , Bj^(C), can be d i r e c t l y c a l c u l a t e d f r o m e q u a t i o n s (74) and 
(75), r e s p e c t i v e l y . T h e s e r e s u l t s a r e a l so shown in Append ix C. 

When the e x p r e s s i o n s for 9,-^^, Uj^j^, and B m i . 1 = 1 , 3 , f r o m 
Appendix C a r e u s e d , the a c t u a l t e m p e r a t u r e , v e l o c i t y , and m a g n e t i c f ield 
funct ions can be c o n s t r u c t e d f r o m e q u a t i o n s (67), (68), and (69)- T h u s , 

m < m o 
B(Tl,a = Z ^mlC^) si'^ 

m = l 27 
(T] +7) + 3 2 ( 0 s in 

M / 4 R a 

2 V M* 

1/2 
ll (r)+7) 

+ y B (C) s in 
m > m o 

^ (ri +7) (88) 

m < m o m7T , , 

^ ( r ) + 7 ) + U2(C) 
M / 4 R a 

2 V M ^ 

1/2 

(•0+7) 

m > m o 27 
( r i+7; (89) 

and 

9(^1,0 s m I .^, (T) +7) 
2n + 6 2 ( 0 

M / 4 R a 
, 2 \ M * 

1/2 
l l (-0 + 7) 

/_- ' m 3 
m > m o 

(C) s i n | ^ ( T ] + 7 ) (90) 

w h e r e 

lo = (M/7T)[(4Ra/M*) - 1]' ' (90a) 



1. P r e s s u r e Drop Paramete r 

F r o m the definition of u, it may be shown that 

1 
47(1 + 1/7) u(Ti,c)dTid(:. (91) 

-7 

Heat Transfer Results 

Defining a Nusselt number as in the previous sections, i.e 

q • 2 a 

Nu k(T^ • B ^ J 

(93) 

one obtains the relation 

29 

Nu 
47G(G - F ) 

(1+1/7) 

-+i /•+7 
U9dTid^ (94) 

Utilizing the solutions obtained for U and 9 in equations (89) 
and (90), and carrying out the indicated operations, one obtains 

4G(G - F ) 
Nu(l + 1/7) 

.<mo r+i /-+' 

J / u„i(':)e ,̂(^)d^ - J ^ 
m = i 

U2(a92(ad'; 

U^3(C)9^3(C)dC. (95) 

m>mo "^-1 

Using the expressions for U^^ and 9^^^ from equations (78) 
through (86), the integrations can be ca r r i ed out, and the resul ts are 
shown in Appendix C. 

3. Results and Discussion 

Due to the extreme complexity of the resul ts presented in this 
section and their l imited application, no numerical resul ts are presented. 

IV. CONCLUSIONS 

In this repor t , the steady, combined, free and forced convective flow 
of an electrically-conducting fluid through a ver t ica l channel in the presence 
of a horizontal magnetic field has been studied. Three distinct physical 
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situations have been investigated: (a) paral lel-plate channel with walls of 
a rb i t ra ry electr ical conductivity, (b) rectangular channel containing a fluid 
with a very small magnetic Prandtl number, and (c) rectangular channel with 
nonconducting walls . Numerical resul ts were presented for only the first 
two cases . 

In addition to obtaining some basic information on the interaction of 
mechanical, thermal , and electromagnetic forces, several pract ical results 
were noted. It was found that a magnetic field strongly inhibits free con
vection, and a cr i ter ion was established that indicates when free convection 
may or may not be neglected, based on the relative values of the Rayleigh 
and Hartmann numbers . This cr i ter ion may be stated as follows. If 
M > 5 + (Ra/40), the contribution of free convection to the total heat transfer 
rate between the fluid and the wall is less than 10% and can be neglected. 
If M < 5 + (Ra/40), the contribution is grea ter than 10% and should be 
considered. 

It was also noted that a magnetic field sufficiently flattens the 
velocity profile in a channel so that the flow can be considered one-
dimensional in many cases . A relationship between the Hartmann number, 
M, and the aspect ratio, 7 , presented in Figure 12, shows when the one-
dimensional approximation can be made allowing a 5% e r r o r in calculating 
the ratio of the flow rate to the p re s su re gradient. It was shown that when 
free convection effects are not important and M £ 38.5, all rectangular 
channels may be considered to be paral le l -pla te channels for the purpose 
of computing the ratio of the flow rate to the p re s su re gradient. 

The work presented in this report is a continuation of that presented 
in ANL-6937, which considered the unsteady, convective, magnetohydro
dynamic flow in a paral le l -pla te channel. 
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A P P E N D I X A 

F u l l y - d e v e l o p e d A s s u m p t i o n 

The r e s t r i c t i o n s tha t a r e p l a c e d upon the p r e s s u r e and t emperature 
b e c a u s e of the fu l ly -deve loped flow and hea t t r a n s f e r a s s u m p t i o n a r e d e 
r i v e d in th i s Appendix . 

F r o m equa t i ons (17) and ( I4a ) , it i s deduced that 

dy 2/io dy 

so tha t 

p (x ,y ,z ) = p i (x ,z ) - - ^ B ^ ^ ( y , z ) , (A2) 

a n d 

^ [ P ( x , y , z ) ] = ^ [ p , ( x , z ) ] . (A2a) 

But f r o m equa t i ons (18) and ( I3a ) , 

. | P . ^ A ( B ^ ) = 0, (A3) 
Sz 2;Uo bz ^' 

so tha t 

- i ! ^ = 0. (A4) 
Sx Sz 

T h e r e f o r e , s i n c e p (x ,y ,z ) i s con t inuous and a l l of i t s p a r t i a l d e r i v a t i v e s 
ex i s t , the o r d e r of d i f f e ren t i a t ion is i m m a t e r i a l , and a c o m p a r i s o n of 
(A2a) and (A4) shows tha t 

^ ^ [ • ( x . v . z ) ! = funct ion of x only. (A4a) 
3 X 

[p(x ,y ,z) ] = funct ion of x only 

C o m b i n i n g equa t i ons (16), (13a), and (24) r e s u l t s in 

D i f f e ren t i a t ing both s i d e s of th i s equa t ion wi th r e s p e c t to x g ives 
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Pwfel^(T-T^) = | X . (A6) 

°^ dx 

But, b^p/bx^ can be only a function of x, so this implies that 

T - T „ = Ti(x) + T2(y,z). (A7) 

Substituting this resul t into equation (19) with rear rangement shows 
that 

/dT dT , \ /d^T d^TA /S^Tj S^T2\ 
p e u ^ + — i - k ( ^+ i = k _ ^ + ^ + Q . (A8) 
^ V dx d x / Vdx' dx^ / Vdy' ciẑ  / 

Now, it is apparent that the right side of equation (A8) is a function of y 
and z only, while the left side is a function of y, z, and x. The only 
x-dependence a r i ses from the t e rms involving T ^ and Tj, and the previous 
statement can be self-consistent only when 

dT dTi 
4—; = constant. (A9) 

dx dx 

Thus, 

T^(x) + Ti(x) = Ax. (A 10) 

This resul ts in 

T(x,y,z) = Ax + T2(y,z). (All) 

But, 

T„(x) = T(x,yw,Zw), 

where y^ and ẑ ^ a re the values of y and z at the wall. Thus, 

Tw(x) = Ax + Tziyvj.zvj), 

and 

T(x,y,z) - Tw(x) = T2(y,z) - T2(yw,Zw)- (A12) 

It is now seen that 'T - T ^ is independent of x. By inspection of equa
tions (A12) and (A6), it is apparent that S^p/Sx^ = 0, and remembering the 
result in equation (A4a), 
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bp _ 
c o n s t a n t , (A 13) 

p ( x , y , z ) = P2(y,z) + / c ' x , (A14) 

w h e r e /c' i s a c o n s t a n t . 
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A P P E N D I X B 

P a r a l l e l - p l a t e C a s e R e s u l t s 

1. De ta i l ed Solut ions 

a. M^ > 4 R a > 0: 

U^ = F - A, c o s h XiC + A2 cosh X2 C 

- R a 9 ^ = [ 1 + ( /< : iM2pr^ /P r ) - M ^ F ] - Ai(X^ - M^) cosh Xil^ 

+ A2(X2 - M^) cosh X2C 

Boo = /<:i(C + 1 + 02) - ( P r / P r m ) [ F ( ( ; +1) - (Aj/Xj) (s inh XjC + s i n h Xj) 

+ (A2/X2) (s inh X2? + sinh X2)J 

b . M^ = 4Ra > 0: 

Uoo = F + Ajf; s inh X^ + A4 cosh Xi; 

-Ra9oo = [ 1 + (K2M^Pr i„ /Pr ) - M ^ F ] + [ A 4 ( X ^ - M^) + 2XA3J cosh XC 

+ A3( X^- M^)C sinh X^ 

Boo = K2((; +1 + 02) - ( P r i n / P r ) [^F(C + 1) + (A4/X) (s inh X? + s inh X) 

+ (Aa/X^) ( XC cosh XC, - s inh XC + X cosh X - s inh X)J 

c. M*< 4Ra: 

(BI) 

(B2) 

(B3) 

(B4) 

(B5) 

(B6) 

B 7 Uoo - F + A5 cos X3C cosh X4C + A5 s in X3C sinh X4C 

-RaSoo = 1 + (KjM^Prm/Pr) - M^F + [ A5(XJ - X̂  - M^) + 2X3X4A6J cos X3C cosh X̂C 

+ [A6(X4- X|-M^) - 2X3X4A5I sm X3C sinh X4C (B8) 

Boo = /<;3(C +1 + 02) - ( P r m / P r ) F(C + 1) 

i+X4A6 / X3 As + 

I ^ + 1̂ 

X4A5 - XjAf. 
xl + x] 

(sin X3C cosh X4C + s in X3 c o s h X4) 

(cos X3C sinh X4C + c o s X3 s inh X4) (B9) 
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d. Ra < 0 (for a l l M): 

Uoo = F - A7 cosh X̂ C + Ag cos X5C (BIO) 

-Ra9oo = 1 + (K:4M^Prj„ /pr) - M^F + A7(M^ - Xl) cosh X^C 

- A8(M^+X^) cos X5C ( B l l ) 

Boo = /C4(C + 1 + 02) - ( P r m / P r ) [ F ( C + 1) - (A,/X6) (sinh X^C + sinh Xj) 

+ (A8/X5) (s in X5C + s i n Xj)] (B12) 

2. R e l a t i o n s h i p of P r e s s u r e G r a d i e n t to F low Rate 

a. M^ > 4Ra > 0: 

Goo = F - (Ai/Xi) s inh Xl + (A2/X2) sinh Xj (B13) 

G ^ = F + [ ( A 3 + A4)/x] s inh X - (A3/X^) cosh X (B14) 

c. M^ < 4Ra: 

/X3A5+X4A6\ / 'X4A5-X3A6\ 
Goo = F + ( — p r ^ j s in ^3 cosh X4 + 1 x^ + X^ / "^"^ ^^ ^ ' " ^ ^'^ ^ ' 

d. Ra < 0 (for a l l M): 

G „ = F - {A^/Xi) s inh Xt + (Aj/x 5) sin Xs (B16) 

3. N u s s e l t N u m b e r s 

a. M^ > 4Ra > 0: 

2G„(G„„-F)/Nu„ = ^ [ l . ( . , M V R m ) - M ^ F ] - ( ^ ' Z I ' . R V ' ) [l + K ^ V R n . ) . F ( M - 2M^) ] 

, ( ^ ^ g ^ ) [ 1 + (.,MVRm) + F{Xi - 2M^)] 

Af(Xf-M")/ sinh2Xi\ Az(Xz-M'̂ ) / sinhZX^ 
4Ra (̂  2X1 y 4Ra \ 2 X̂  

A A /-1 2 , -. 2 -?\A^\ t ^ l ' / 

' , 0 \ z .2^ C^l =inh X, cosh X, - X, sinh X^ cosh X,) 
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M* = 4Ra > 0: 

" " " ^ l , , , . . , 2 / „ „ > > , 2 , ^ i , • • ' I • • ' " j M y R m ) + F ( X ^ - 2 M ^ ) I {X c o s h X - s inh X) zl-a [' ^ (-2MVR-) - M^F] + ^ ^ [ i H - c . 

A]{X'-M^)\t 1 \ s inh 2X 2 
^ 4Ra I V ^ 2 XV 2X " 3 

c o s h 2X 

+ ; ' |'xA3 + A4(X^- M^)l {2X cosh ZX - s inh ZX) 
8 X R-3- L J 

^ / s m h _ X \ L , ( l + ( K , M V R m ) ) + FAjiX^ - 2 M " ) + 2XAjF 1 

(l+^if^)[2XA3 + A,(X -̂M )̂] (B18) ^4 f, ^ s inh 2X 
4Ra 

M* < 4Ra: 

„ (G. - F)/Nu„ = ^ [ l . ( . 3 M V R - ) - M ^ F ] . [ ,^^( [ . , , . ) ] | [ l .(.3MVRnT) 

+ F(X5- X | - 2M )̂ (X3A5 + X4A6) sin X, cosh X4 

+ (X4A5 - X3A6) cos Xj sinh X, +2FX3X4 ( XjAj - X4A5) sin X3 cosh X4 

+ (X4A6+ X3A5) cos X3 sinh X4 V+( 3,^^ ) (X4- X? - M") 

r sinh_2X4^ s inJXj^ J_j^^ sin 2X3 cosh ZX, - X4 cos 2X3 sinh 2X4) 
I 2X4 2X3 2 J 

X3X4A5A6 r X4 sin 2X3 cosh 2X4- X3 cos 2X3 sinh 2X4! 
2Ra ^ \_ 8Ra(X|+ Xj) J 

r X3X4(A^ A | ) + A5A,(XJ-X2-M^) 
L J (B19) 

d. Ra < 0 (for a l l M): 

2G„(G„- F)/Nu„ = ^ [1 + ('C4MVRm) - M ^ F I - ( ^ \ R " ^ ^ ^ ' ) [' + ('^t^'/Km) + F(X| - 2M^)J 

/AeSinXsN r , , , „1 A|(X|-M^) / sinh 2XA 
H ^ X ^ S T ^ ) [l^(-,MVRnT)-r(X2.2M^)J + - ^ ^ ^ r ^ x T - j 

A^»(X^M^) ^̂  ^ s ^ n X 3 \ A , A , ( X t - X | . 2 M ^ ) ^ ^^^ ^^ ^ ^ ^ ^ ^^ ^ ^^ ^^^ ^ ^ ^ ^ ^ ^ ^, 

2X5 / 2Ra(X|+X2) 

(B20) 
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4. I n t e g r a t i o n C o n s t a n t s 

A, = 
1 

c o s h Xj 

1 

1 +{K:iM^/Km) -XIF 

V ^ X i 

1 +{iCiM^/Km) - X\F' 

X ^ X i c o s h X2 

" F X ^ - 1 - (/CzMyRm) 

2X c o s h X 
A , 

A4 = 
ll + ( iczMyRm) I s in hX - XF(X sin hX+ 2 cosh X) 

2X cosh X 

As = 

As = 

[l+(/<:3MVRm)l sin X3 sinh X4 - F[(X^-X^) sin X3 smh X4 + ZX3X4 cos X3 cosh X4J 

2X3X4(005^ X3 cosh^ Xi + sin^ Xj sinh^ X4 

[- 1 - ((CjMVRrn)] cos X3 cosh X4 + F [(Xt-X t) cos X3 cosh X4 - ZX3X4 sin X; sinh X4 

2X3X4(cos^ X3 cosh^X4 + sin^ X3 sinh^ X4 

1 

; o s h Xf. 

1 +(/<;4MVRm) + X | F 

A s 
1 

cos X j 

'l + (K4MVRm) - ^6F 

x l + xl 

M^+ y M * - 4Ra 

X = Ra 1/4 

:} 
Ra'/* 1̂ + J£L 

2 R a 

1/2 



• \ _ f •^M* -4Ra± M^Y 

Pr^^ 
P r 

F(X^Xi) + (FXM) *-Hl!LAi - (FX^ 1) '̂ '̂ '̂  ^^ 
X, X, 

K l = - , T , , . , , . , , ,7 / t a n h Xl t a n h X 
( X ^ - X i ) ( 1 + 0 2 ) + M ^ ' '-

P r r 

K 2 
P r 

, , 3 t a n h X , 2 ^ i - i , 
F I 3 - tanh X1 - — 11 

2 / t a n h Xl t a n h XA 

l ^ -tanh^xV 

P r r 

M V , t a n h X , 2 ^ \ 
2 ( 0 2 + 1) + - 7 ( i X tanh-^Xl 

2X3X4F(X| + X4̂ ) ( c o s ^ X3 c o s h ^ X4 + s i n ^ X 3 s i n h ^ X4) 
P r 

X3 s i n h 2X4 - X4 s i n 2X3 p 

2 
--—(X| - X|) (X3 s i n h 2X4 - X4 s i n 2X3) 

F X 3 X 4 ( X 3 s i n 2X3+X4 s i n h 2X4) 
M ' 

(X4 s i n 2X3 - X3 s i n h 2X4) 

+ 2X3X4(1 + 02) (X3+X4) ( c o s ^ X3 c o s h ^ X 4 s i n ^ X3 s i n h ^ X4] 

"p^r" vxi 
( l + ; , 2 p ) i H ^ + ( l + 4 F ) l ^ ] j 

( 1 + 0 2 ) + 
/ M^ N / t a n h X^ t a n X^\ 

\xl+xl)\ X, ' X, j 
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A P P E N D I X C 

Nonconduc t ing Wal l C a s e R e s u l t s 

1. D e t a i l e d Solu t ions 

M 
a. (mr r /27 ) ' > ^ [ (4Ra/M*) - l ] : 

Smi(C) = 9 m ( 0 + ^i c o s h CDiC + O-z c o s h t02C 

b . (mTT/27)^ = ^ [ (4Ra/M^) - l ] (defines Mo): 

e2(C) = 9(^)(C) + (X3C s inh CO3C + a4 cosh CD3C 

c. (m7T/27)^ < ^ [ ( 4 R a / M ' ' ) - l ] : 

(CI) 

(C2) 

9m3(C) = S}A^(C) + Ct5 s in CD4C s inh 11D5C + 0,4 cos aj4C cosh UJ5C (C3) 

w h e r e 

. ( i) (C) 
a m [ l - (mTT/27)^ F ] 2mpi7TMy7Rm 

R a + (mTT/27)* M^(mTT/27) - Ra 
sinh [(m7T/27) C] 

(C4) 

M d. (mTT/27)^ > ^ [(4Ra/M^) - 1]: 

, , f (mTT/27)'[l - (m7T/27)' P ] 

" - ' ( ^ ' = M ^ ' Ra + (mV27)^ 

+ [toi - (m7T/27)^] (tti cosh o^iC) 

+ \,ixi\ - (mTT/27)^] (a2 cosh a)2C) 

oJiaiRm sinh cuiC 
Bmi(C) 

2piRa sinh(mTTC/27) 

(Mm7r/27)^ - Ra . 

(C5) 

- (X,-p-2^vn s inh 0̂ 2'= (C6) 
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(mTT/27)' = ^ [ ( 4 R a / M ' ' ) - l ] {defines mo): 

Uzd;) = 
L , (m7r/27)'[l - (mV2-y)' F] I 

"1 Ra + (mTT/27)' J 

+ {a,[tu\ - (mV/4y ' ) ] C} sinh (U3C 

+ {a4[m3 - ( m V / 4 y ) ] + 2cu3aj} cosh 0)3^ 

, . -2p2Ra sinh{m7Tr/27) _ , ,., , ,. 
Bi^iO = — ^ -^—— - Rm(cU3a3C) cosh ^3 ! ; 

L (Mm7l/27) ' - R a J 

-Rm(aj3a4+at) s inh ojjC 

f. (m7r/27)' < ^ [(4Ra/M-') - 1]; 

Um3(C) a „ | F K , + ( m V 2 7 ) -

+ {aslojs - uii - { m V y 4 7 ^ ) ] - 2a6CU4C05} s in .X4C sinh aisC 

+ {a6[(Di - aj4 - (nn^7Ty47^)J + 20.50)4^5} cos CU4C cosh ajjC 

(C7) 

(C8) 

„ , „ , -2p3Ra sinh(m7T/27) r. 

+ (a5G35 - ^(,0)4) sin aj4Ccosh 015^ ] 

2. P ressure -drop Parameter 

m<mo 

+ (X(,(D^) cos CO4C s inh 0)5^ 

(C9) 

( C I O ) 

l ± l / l - Y llll2LJI^]\ . J r , ( m V 2 7 ) ' [ l - ( m ^ ' F / 4 y ) ] 1 ^ ( / ^ . _ , ^ z ^ ^ / 4 2,] . 

X ( w 2 ( 2 2 / . 211 • u t , J 1 - c o s M7[(4Ra/M-') - 1] 
.A 

Sam F + :̂ , , J r ' " 3 ' " ' ' ["' 
1̂  L R a + (^177/27)^ J 

+ [{sinh mj/cDj] aja^l - "^ ^ j + 2^303 

M7{4Ra/M' ' - l ) ' 

{m'Try47^)] {0)3 cosh CDs - sinh 013) 

m > m „ 

L R a f (m7T/27)^ J VCD| + 03^/ 

+ (agojg + a£,aj4) cos CD4 sinh ajg] + 

+ (a^cDs - a5aj4) cos 0)4 s inh 0^5] 

a j | - gj^ - ( m V / 4 ^ " ) 

) s in CD4 c o s h 0)5 

[(0.5^05 + a6aj4) s in 034 c o s h 015 

( o i l ) 
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3. Nusselt Number 

m<no c p 
G ( G - F ) _ " v " ° / i m [ ^ ^ (mTr/Z7)'[l - ( m % y 4 7 ' ) F l l f a m l l - ( m V y 4 7 ' ) F ] a, sinh Oj, 

2Nu(l + l / 7 ) ^ 1̂  4 L" (m7l/27)' 
m = l 

(m7r/27)'' + Ra '"l 

• {m'7r747') F ] r / m V \ / „,2^2N "I 

V 2 7 ) ' , Ra ] r ' / " ^ ' ' ^ ' - 1 ^ j ='"'^ " ' " ( a ^ A z ) ^ x | - ^ sinh 03^] 

{GJ2 sinh 0)2 cosh CDj - oJi sinh ajj cosh oj^) 

a^ sinh 0̂ 2 

11)2 J 

a ^ [ l - { m V / 4 7 ' ) F ] 

4[(mTT/27)'' + Ra] 

4(ajf - ojf) 

. ^ [ 0 3 5 - ( m V / 4 y ) ] ( l + - f ( o . | - m V / 4 7 ' ) 1+ — 

' m p 

4 

(m„7T/27)'[l - (mg7Ty47') F ] 

(moTT/27) + Ra 

2a [1 - (mjTTV47') F ] a j c o s h c u j , , sinh 1D3 
- + (a 3/1.3-0,) 

a m „ [ ' - (m5TrV47') F ] 

4ai3[(mo' 
I + 2{U3a3 sinh ( 

(m„7l/27)' + Ra 

;m5TrV47') F ] fr / a , \ , 1 /' 2 "'''A 
; : < a3 c o s h 'IJ3 - - a , s m h (JJ3 I 0)3 — 7 - I 

y27)* + Ra] \L l'^3 / J V 47' J 

+ (ai/32u)i) (2ui3 cosh 2tii3 - sinh 20)3) {[03̂ 3 - (m57iy47'l (aj - 2a,) - 203303} 

a. , ! sinh 20)3\ a y , , , / ,,,(,/, sinh 2 

- ^ {04(03^ - (m„V/47'=)] + 2030,4) [i + 20,3 T T ' ' " ' " ( '^« '^A7 ' )1 (^y^ - ^ ^ 
y / i m r {mT,/27)'tl - ( m V y 4 y ) F ] l f a m [ l - ( m V / 4 7 ' ) F ] 

^ m > ^ „ \ ' * L (m7T/27)* + Ra ] \ (m7r/27)* + Ra 

+ ( ! J [(05035 + 0603,) sin 0,4 cosh 035 + (Otojs - 05034) cos 034 sinh i.5]> 
\034 + 035/ J 

^ ani[l-(mV/4y)F] f^ ^ ^^^^, / , _ ,̂ 2 _ ^ \ . 2o50,4..5(a35 - cu 

4(a3j + 03|) [(m7T/27)' + R^ l̂ [^ ^ ' ' 

sin 0.4 cosh 035 + [(a60,5 " O5034) (03^ - x J " ^ ) + 205034035(034 * 0.5)] cos 03, sir 

r / s i n 2034 sinh Zai^ 1 

+ 2050,034035 4 [o.| - o3i - (m '1^ /47 ' ) ] [ ( a | + <)[-j;^* -^^^^1 - <̂ = " "'*J 

+ ( ! — . ^ o i l - 03J - ( m V y 4 7 ' ) ] [0505035 + (034/4) (oi + al)] sin 203, cosh 2035 
\a34 + 03|/ 1̂  

+ ["(1/4) (05 + 0 ^ Ll - .0; - ^ ' ) - 03^(0^ - o|)J 035 cos 2034 Sinh 2035IJ 
( C 1 2 ) 
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4 . I n t e g r a t i o n C o n s t a n t s 

0)1 
- i - J M ^ + 2 (m7T/27)^ + [M* + 4M^(m7T/27 )^ - 4 R a ] ' ^ ) 

a)2j y j I ' J 

1/2 

0̂ 3 = ^ [ 1 + ( 4 R a / M ^ ) ] ' ^ ' 

Ui4 

0^5 
I = Y { 2 [ R a + ( m 7 T / 2 7 ) l ' ' ' ' ± M^ ± 2 ( m T r / 2 7 ) ^ } 

-2p i [ tD^ - ( m 7 T / 2 7 ) ^ ] | -

1/2 

1 " (• 2 2 
(CD2 - Cuf) c o s h CDi 

( M ^ m 7 T / 2 7 R m ) 

( M m T r / 2 7 ) ^ - R a J " " ° " V 2 7 
c o s h ' 

a m c u i 

R a + (m7T/27) ' 

1 

[1 - F ( m 7 T / 2 7 ) ^ ] 

(cD2 - u^i) c o s h CO2 
2pi[co? - (mTr /27 )2 ] 

( M ^ m 7 T / 2 7 R m ) 

. ( M m 7 T / 2 7 ) ^ - R a j " V 2 7 
c o s h 

a . „ F 
a^nCDi 

R a + ( m 7 r / 2 7 ) 
- [1 - F ( m T T / 2 7 ) ^ ] 

I 2p2[t0^ - (m7T/27)^] 
2CD3 c o s h tU3 I ^^'- ^ / I' J 

a™cu? 
[1 - F ( m 7 T / 2 7 ) ^ ] 

( M ^ m T r / 2 7 R m ^ 

(Mm7T/27 )^ - R a -
: o s h (m7T/27) 

R a + (m7T/27)* 

1 

2CU3 c o s h CO3 - 2 p 2 (ID3 
4 7 ' 

t a n h CU3 + 2tU3 

( M ^ m 7 T / 2 7 R m ) 

. ( M m 7 T / 2 7 ) ^ - R a . 
c o s h ( r m T / 2 7 ) + a j j ^F t a n h 603 

ani(cD3 t a n h 0)3 + 20^3) 

R a + (m7T/27)^ 
[1 - F ( m 7 T / 2 7 ) ^ ] 
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2tD4'^5(cos^ CD4 cosh^ CD5 + sin^ CD4 sinh^ 035 
2P: 

(M^m7T/27Rm) "I 

.(Mm7T/27)^ - Ra J 

m 2 7 r 2 \ 
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(u3i tanh 03 1-032 tanh a)̂ ) F 
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+ 2 M ' 
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(sinh 20)5 sin 2a34\ 

2033 ^ "Tin7"j_ 
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